This note derives an interesting probability inequality between the expectation of a conditional variance and the variance of a conditional expectation for a function of two independent random variables. In the special case of finite discrete random variables, the inequality coincides with an inequality by Feng and Tonge (2000), which extends a result by van Dam (1998) .
Let T be a continuous random variable having the probability density function φ defined on R. By definition
is the expectation of T, and
is the variance σ  (T).
Let X, Y be two independent random variables with known distribution having the probability density function φ  (x) and φ  (y), respectively. Then the joint probability density function of X and Y is φ  (x)φ  (y).
Let another random variable Z be a function of X and
where
and the conditional probability density functions of Z, given the occurrence of the value x of X and y of Y , are equal to φ  (y) and φ  (x), respectively, such that the conditional expectations of Z are equal to
and
Shortly,
Theorem  Let X, Y be two independent random variables and Z = f (X, Y ) be a function of the random variables X and Y . Then
Proof For convenience, we set Z  = E(Z|X) and Z  = E(Z|Y ). It follows from () that
From () and (), we have
Therefore, we have
Combining with (), we get
which is equivalent to the desired inequality.
When X and Y are two finite discrete random variables, a discrete version of () is as follows: presented another extension of (). It is natural to ask whether the analog of () holds or not for three independent random variables. We have been unable to prove (or disprove) it.
